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The influence of the order of smallness of damping on the subharmonic oscillations of
the order of '/, in a system described by the Duffing equation is analyzed,
Let us consider a nonautonomous system with one degree of freedom
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where » is a positive integer, The function F (¢, z, z', p) is analytic in # and « in some
domain of their variation, and in the small parameter u for 0 < p << po. Moreover f ()
and ¥ (¢, z, #’, u) are continuous, 2m=-periodic functions of £,

The solution of the generating system is

t .t
g (t) = @ (¢) -+ A cos —— + nBosin — (<)
Here the forced oscillations are Zn-periodic, while the natural oscillations are 2nn-
periodic,

We seek the subharmonic 2an«-periodic oscillations of the order of 1/n of the initial
system, The initial conditions are, as usual [1],
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where 8 and y are functions of p and vanish when y = 0.
We write the solution of (1) in the form
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while the amplitudes 4,4 and B, are given by
2nn
C(Cnn) = —n g F(t, 2o, zy, 0)sin_t_dt =0 (5)
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The latter equations always have the solution 4, == 0 and B, = 0 corresponding to
the 2n -periodic solution [2], They may also have nonzero solutions corresponding to
the period of 2an.

A question arises whether the subharmonic oscillations will always be present in the
given system,

Hale [3] succeded in obtaining the conditions of existence of the subharmonic oscilla~
tions for two types of equation, One of them represents a generalized Duffing equation
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Let us denote by [n/r}] a smallest integer larger than n/r. Hale has shown that subhar-
monic oscillations exist in the given system if % > [r/r]. Thus the larger the value of
n, i, e, the higher the order of the subharmonic oscillations, the weaker the damping suf-
ficient to neutralize these oscillations, The estimate given above holds for odd order
subharmonic oscillations,

We shall show how the influence of the resistance forces on the existence of subhar-
monic oscillations can be analyzed in specific cases, using the amplitude equations, We
shall also consider the following Duffing equation as an example :

a" 1 n7ir = voeost - AoSing + u (agr + cgz®) — pkbert (7)
where k is a positive integer, Let us make the transformation of time ¢ = av and intro-~

duce the following notation (n > 1) :
' =dzr/dv, nia,=a, nZe,=r, nby=1">
nivy w= (L — n?)v, n¥hg = (1 — n?)A

We obtain
" 4z = (1 — n?v cos nt -+ (1 — n?)A sin nt + p (az + cz?) — phba' 8)
The solution of the generating system is

x4y (1) == v cos nt -~ A sin nt + Aycos T4 Bysint 9
As a result of the transformation t = ntv the natural oscillations now have a period
of 2n, with the subharmonic oscillations of any order.
We consider the subharmonic oscillations of the order of !/,. First we construct the
amplitude equations without damping (4 = 0). We have
C1(2) == — ABy @ 4 3o (v + WD) s (Ag® + Be)] = 0 (10)
Cr (2a) == do [a - 3o (V24 A2) - ¥ae (A> + B2)] =0

The null solution of these equations is of no interest, since it corresponds to the solu-
tion of (8) n-periodic in t, Equations (10) yield a single equation for the amplitudes

4o and B, @ 4 3pe (V2 4 23) 35 (Ag? + Bo?) = 0 )
Equation (11) can be written in the form
Ap+ B2 =P (12)
Thus we find that the solutions of the amplitude equations are real when either
P > 0,0r V2 A2 <& — 2faafe, ac < O (13)
The second equation is obtained from the terms of the order of u? using the relation 4]
AoC, (210) = BoCy (271) = 0 (14)
Fairly complicated computations now give
24080 (40> — B®) (v — A% — (A — 642832 + Byh)yvh = 0 {15)

From (11) and (15) it follows that.for v == 0 and A == 0 neither 4,4 nor £, is equal to

zero. Let us devide both parts of (15) by B,* and set 2 = A,/ B,. Then we have
2% — 2128 — 822 - 2z - 4 = 0, 1= (v@ — A%/ VA 1%

It can easily be shown that when the parameter / is real, all roots of (16) are also real,
This follows from the form of the curve depicting the left~hand side of Eq,(16) on a plane,
This curve intersects the abscissa four times, since it passes through the points (0, 1) and
(41, —4), and tends to + oc as» — 4= oo,

A general solution to the amplitude equations (11) and (15) cannot be obtained, For
v = ( or A = 0, we have

A2 = B2 = — ()2 2 / , Ay = B® = — (2 20 ale 7
for v — 7 we find o o (A2 4 %3 a/c) o= By (Vv H4-%za/e) (A7)
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Af=—@E VO +Ysae),  Bf=—CFVH(+Ysae)  (18)

The functional determinant of (11) and (15) does not vanish, consequently the ampli-
tude equations have simple solutions, From this it follows that,for n = 2 and 6 = ¢ ,
the 2n-periodic solutions of (8) expand in the integral powers of M.

Obviously the amplitude equations are not affected if damping of the order of 1* for
k >?2 is introduced into the system, It follows that the damping of the order indicated
has no influence on the possibility of appearance of subharmonic oscillations considered
here.

We now consider the subharmonic oscillations with damping of the order of p2. The
first amplitude equation (11) remains unchanged, while the second one becomes (19)

$3/16e* [24 B (Ag2 — By?) (V2 — M%) — (At — 64 2B + By*ivA] — b (4 oF T Bt =0

The latter can be made homogeneous by multiplying it by (12), Assuming that
v 0 and A == 0 we obtain, after some transformations

2t — 2M23 — N22 - 2Mz+4+1=0 (20)
’ I . 3—0Q }ﬁ b 1 1 .

The curve representing the left-hand side of Eq,(20) passes through the points (0, 1)
and (+ 1, 2 —N).Consequently we can assert that Eq, (20) has real solutions if at least
2—N u. Thus @ <1 represents the sufficient condition of existence of real solutions,
It can be shown thatatsufficiently large ¢ the subharmonic oscillations will be absent,

If either v or A becomes zero, e.g. A = 0, then Eq.(20) can be written as

16 & 1 99
R@E4A—2E—1)=0, R= 35 yp =2

When 2 = (, its solution is (17). Obviously real solutions of (22) also exist on some
segment 0 QR Ry < 1.

Thus when damping is of the order of u2 subharmonic oscillations of the order of 1/,
can be obtained, but only over a more narrow range of the coefficients of the Duffing
equation than that spanned by the oscillations when damping is absent,

- Finally we discuss the problem of existence of subharmonic oscillations of the order
of 1/, in the Duffing system for & = 1. In this case the amplitude equations are
Cr(2m) = —a{Bo[a +3ac (v + 7)) 310 (A® + By?)] — bAg) =0 (23)
Cr 2m) =a{Agla+32c (V4 AN L3¢ (A2 + B)] 4+ bBy) =0

These equations have a unique real solution 4, = 0, B, = 0. It follows that when
damping of the order of p is introduced, subharmonic oscillations of the order of 1/, are
impossible in the Duffing system,

Thus the method of analyzing the amplitude equations can be employed in solving
specific cases of the problem of conditions of existence of the subharmonic oscillations,
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